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Improved Eigenstructure Assignment Controller Design
Using a Substructure-Based Coordinate System

Michael J. Triller* and Daniel C. Kammer"
University of Wisconsin, Madison, Wisconsin 53706

A new control coordinate system based on the Craig-Bampton substructure representation is examined for
reduced-order-model-based controller design. Eigenstructure assignment controller design using the proposed
modeling approach is shown to exhibit improved accuracy over conventional normal mode modeling in both
closed-loop eigenvalue and eigenvector attainment. The improvement is due to the coordinate system’s ability
to accurately predict actuator boundary conditions and, thus, actuator command forces, when extensive model
reduction has been employed. Two multi-input/multi-output design examples are used to illustrate the practicality
of the method and the resulting improved closed-loop behavior.

Introduction

EROSPACE vehicles are extremely large flexible structures

requiring very accurate shape and vibration control to meet
performance objectives. The presence of very low-frequency struc-
tural dynamics and dense packing of very lightly damped modes in
such systems may lead to a strong interaction between the structure
and its control system. These vehicles are infinite dimensional dis-
tributed parameter systems, which are usually modeled by the finite
element method as a set of ordinary differential equations. This re-
sults in a lumped parameter system of finite dimension. Although
finite in dimension, these models often contain thousands or even
hundreds of thousands of degrees of freedom (DOF) and require
extensive model reduction to be practical for structural and control
design and simulation.

Recent literature has investigated the use of a new control co-
ordinate system based on the Craig-Bampton (CB) substructure
representation!~* The CB coordinate system is the most common
representation for loads analysis used in the aerospace industry
today.’ Large CB finite element models (FEM) may be reduced
to accurate design and simulation models by truncating dynami-
cally unimportantfixed interface modes using the effectiveinterface
mass (EIM) measure of controllabilitybbservability® This measure
has been shown to preserve controller/structure interaction in the
reduced-order models (ROM) providing accurate closed-loop con-
trol designs.

This paper specifically addresses the advantages of reduced CB-
based control coordinate systems in closed-loop modern control
design applications over reduced normal mode representations. In
particular, eigenstructure assignment’® algorithms (ESA) applied
to the natural second-orderform of the CB equations of motion are
shown to lead to more accurate attainment of the desired closed-
loop eigenstructure. Two examples are presented to illustrate the
improved ESA controller designs obtained. The CB designs are
shown to produce smaller gain norms, reflecting more accurate pre-
dictionof actuationcommands by the reduced-ordermodel. Closed-
loop improvements are found in both the closed-loop eigenvalues
and right and left eigenvectors. Eigenvector shaping in complex
systems has typically been directed at producing robust minimum
norm gain solutions in the control design process. The ability to
shape eigenvectorelements in a simple and highly accurate manner,
as presented here, may offer additional flexibility in the selection
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of the closed-loop elements for highly complex systems without
compromising stability in the designs implementation.

CB Control Coordinate System

An actuator configuration is assumed to have been chosen using
an established placement technique > ' The n physical DOF of the
FEM are partitioned into two complementary sets: a with n, DOF
and o with n, DOF, where the a set includes all actuator DOF. This
resultsin an equation of motion for the free-freeundamped structure

of the form
Maa MGO x‘a + Kaa KGO xa _ Fa (1)
MOG MOO -.x:‘o KOG KOO xO B 0
where it has been assumed that loads are applied only at actuator
locations. Considering the lower partition of the static portion of
Eq. (1) and solving for the displacements of the o set in terms of the
displacements of the actuator set, we obtain the relationship

)

-1
x, =K, K,x, = Vx,

Constraining the actuator displacements to zero, a set of fixed actu-
ator modes & can be obtained by solving the corresponding eigen-
problem. The results of Eq. (2) and the fixed actuator modes can
be combined into a set of displacement vectors, which can be used
to generate a transformation from the original FEM configuration
space of Eq. (1) to the CB coordinate space:

Lo 3 fel e
v P q

The first partition of columnsin Eq. (3) is static shapescalled control
constraint modes. Each of the columns represents the static defor-
mation of the structure when one of the actuator locations is given
a unit displacementwhile all other actuator locations are fixed. The
second column partition contains the fixed actuator modes that de-
scribe the system dynamicsrelative to the actuators. The coordinate
space of the CB representationcontains the physical displacements
of the actuatorsx, and the modal displacementsof the fixed actuator
modes g. The mass and stiffness matrices of the FEM representation
are transformed using Eq. (3), resulting in the equation of motion

(3)
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or

Maa 'MGO x‘a Kaa O xa Ia (5)

Mo 1, [Lif o0 allef " |0]"
It has been assumed that the fixed actuator flexible mode shapes are
mass normalized, i.e., ®' M,,® = I, and ®" K,,® = A, where
A = diag{Ay, ..., Ao} is a diagonal matrix of the n, fixed actua-
tor mode eigenvalues. There are Q distinct eigenvalues, each with
multiplicity n,, so that n, = n; +n, + -+ + ny. Note that, if all
of the fixed actuator modes are used in Eq. (3), Egs. (1) and (5) are
equivalent.

The full-order model (FOM) given by the CB representation
may be reduced for control design and simulation using the EIM
measure.® For simplicity, consider the case of collocated sensing.
It has been shown that the following is a necessary and sufficient
condition for controllability/observability.!

The CB equation of motion is controllable and observable if and
only if

p(FPy) =ny, g=1....0 (6)

where n, is the multiplicity of eigenvalueA,, correspondingto Jordan
block D, (¢ = 1,..., Q) of D = diag{0,x., A} and P, is the
correspondingrow partition of the modal participationfactor matrix
P = _[(DTMOO\II + q>TMoa]~

The following EIM measure of controllability and observability
has been proposed.!!

Whenever Eq. (6) is satisfied, the controllabilitybobservability
measure of the ith fixed actuator mode is given by o;, the ith ele-
ment of the n, x 1 EIM vector given by

_12 5 1
0’—5[ NT NR]1

where
2
T =P = [0 M,V + 0" M,]"

1
1; 07 tr(Mry)
0 1z 1

tr(/\/l R )

Yy =[Zr Xkl |:

M=V"M,, + M,V + V"M,V + M, M, 'M,

and where [ ]*” indicates the term-by-term square, the subscript N
referstonormalized,and T and R referto translationaland rotational
DOF partitions, respectively.

The fixed actuator modes may be ranked using this measure, and
the subset that contributes the desired amount to the completeness
indexis retainedin the reducedmodel. The desired valueis typically
a percentage of the total such as 90%, i.e., ¥o; = 0.9. The EIM
measure has been shown to be related to a popular control theoretic
model reduction method based on the approximate balanced sin-
gular value (ABSV) for the case of acceleration input and actuator
force output.!> The ABSV represents the peak contribution of each
mode to the maximum singular value of the transfer function. Se-
lecting modes based on their ABSV, therefore, minimizes the peak
magnitude (H,, norm) error of the transfer function. The EIM mea-
sure provides the same ranking of modes but offers the advantage
that it is an absolute, as opposed to relative, measure of dynamic
importance. In addition, it may be computed from simpler second-
order-form matrix partitions and may easily be applied to vehicles
that by definition possessrigid body modes. Additional information
may be found in Ref. 12.

ESA Controller Design

Once the FOM has been reduced to a controllable/observable
ROM, a control system is designed. To further exploit the second-
order form of the equations of motion, the proposed control design
is based on ESA for second-order systems.”* Output feedback is
particularly attractive for large systems because no estimation of

state is required. We extend the presentation of Ref. § to include
positionand velocity sensing,leadingto the controllawu = —Gy =
-G ,C,x — G,C,x. This control law is then substituted into the CB
ROM equation of motion

M5 + Dx + Kx = Bu (7)

and the following eigenproblemis formed:

Fi¢i =0 (8)
where
r=[xM+xD+K : B] ©)
(»Z_si A v;
Pa— ~ = 10
¢z |:¢1 (GpCp + )\iGuCu)Vi ( )
fori = 1,..., p, where p is the number of assigned eigenvalues

A;, and v; are eigenvectors.

The design processis carried outby assigning the desired closed-
loop eigenvalue ¢ and computing the correspondingnull space V,
of the matrix I'; using singular-value decomposition. Noting that
any linear combination of the vectors contained in this null space
also satisfies Eq. (8), we may express

[(ﬁ} =Vl (11)
¢

i

wherel; isann, x 1 vector of linear combinationcoefficients chosen
by the designer and n,, is the number of actuators. Observe that the
upper partition of Eq. (11), ¢,, is the ith closed-loop eigenvector.
This gives the designer freedom to assign eigenvector elements by
choice of the linear combination coefficients. This process s carried
out for all p eigenvalues. By inspection of Eq. (10), the design
equation is given by

G,C,®A+G,C,d = (12)
where
® = [({51 (1_52 q_sp]V d = [(131 (;32 qu]
and
A = diag(h,), i=1,...,p

Separating this into real and imaginary components, the design

equation becomes
C, 07][®A — @A DA+ DA,
(G, Gyl = =

O CP q>r q>i

= [&)z (i))]

where the subscriptsr and i denote real and imaginary,respectively.
This may be compactly written as

GCY =T (13)

from which the gain matrix is obtained by pseudoinverseas G =
T(CY)'.

Closed-Loop Behavior

In this section we investigate the proposed fixed actuator CB
representationin ROM-based control design applications. The per-
formance of the fixed actuator CB representation will be compared
with the common normal mode (or modal) representation. The use
of fixed mode over free mode models in closed-loop applicationsis
motivated by the fact that a reduced free mode model will not accu-
rately represent boundary conditions where loads are applied to the
structure.”® In the proposed CB modeling approach, fixed modes
are calculated with respect to fixed actuator locations. Constraint
modes, containing a statically complete reduced representation, are
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then appended to these fixed modes, providing complete flexibility
from the actuator locations. In contrast, the normal mode represen-
tation computes the modes with actuator locations free. When a
reduced set of normal modes is retained in modeling, a significant
amount of local flexibility may be neglected, resulting in an inabil-
ity to accurately representboundary conditions at actuator locations
where forces are applied. This is particularly true when actuator
commands are large and the actuator boundary conditions become
more rigid.

To better understandstaticcompletenessin the CB representation,
consider the system receptance* of a physical FEM representation
with collocated position sensing. This is given by the expression

H(w) =C,(K + joD + o*M)™'B (14)
The static receptance is then defined by

lim H (@) = Co KB = (Ko — KiK' Koo)' (15)

This quantity is recognized as the inverse of the a set stiffness par-
tition of the CB representation, which is always preserved if the
control constraint modes are retained. Even when no fixed actuator
modes are retained, the receptance of the reduced CB model is ex-
act and, thus, the static actuator loads are preserved. This implies
the input to output behavior of the reduced CB model will be exact
as w — 0. For the normal mode model with collocated position
sensors, the static receptance may be expressed as

lim H(w) = [K; = K u (6}, K190) 95K/ (16)

where K; = ¢afA;l q}arf, ¢a = [Par Par] is the a set partition
of the normal modes separated into rigid body modes (zero fre-
quency) and flexible modes, respectively; and A;l is the flexible
mode partition of the frequency matrix. We see that in this case the
receptance depends explicitly on the a set partition of the normal
modes and will only be exact when all of the normal modes are re-
tained. Reduced-ordernormal mode models, thus, will be stiff from
the actuator locations. It would be reasonable to expect the control
design to overpredict the required control gain magnitudes. This
will result in inaccurate actuation forces used by the controller to
modify the open-loop response. Note that the open-loop eigenval-
ues of the modal ROM will be exact, whereas the CB model open-
loop eigenvalues will not. The CB ROM errors are predominantly
found in higher-frequency modes, which allows good performance
for low-frequency bandwidth applications. Even though the open-
loop eigenvalues of the CB ROM are less accurate than the normal
mode ROM, we will see that the closed-loop accuracy is substan-
tially improved due to the more accurate actuation commands.

A general block diagram for a feedback system containing a ref-
erence input 7 (s) and a disturbance input w(s) is shown in Fig. 1 in
terms of Laplace variables. The controller is denoted by K (s) and
the plant by P(s). For simplicity, consider a single-inputkingle-
output system and the proportional-plus-cerivative controller given
by K (s) = k, +sk,. The transfer functions, in pole-zero form, from
the reference signal to the output, the disturbance to the output, and
the disturbance to the control are given by

y&) Gy sk TT 66 = 2)

= 17
O Y Ay an
v _ I 6=pr) (s)
w(s) Hl”il (s _ picl)
u(s)  (k, +sk) [T" (s = po) (19)

we) I (s - )

where z; and p; are the open-loop zeros and poles of the plant, re-
spectively,and p¢' are the closed-looppoles. Based on our argument
that the fixed actuator modes lead to improved actuator boundary

w(s)

r(s) + ufs) - + 9 y{s)

——> K(s) P(s)

Fig.1 General feedback block diagram.

conditions and actuation forces, it is hypothesized that the denom-
inators (closed-loop poles) of the preceding transfer functions are
more accurate for the fixed-mode representation. The zeros of the
transfer function in Eq. (17) are the open-loop zeros of the plant.
By definition, the exact open-loop zeros of the plant are frequen-
cies at which the plant can be excited at the input with no resulting
output. These are the fixed actuator mode frequencies. Thus, the
fixed-mode representation will lead to a more accurate numerator
for this transfer function than the modal model. Conversely, for the
transfer function of Eqs. (18) and (19), the zeros are the open-loop
poles of the plant and, thus, the normal mode model will be more
accurate. However, the open-loop poles are typically very lightly
damped, and so we would expect the improved behaviorin the nor-
mal mode representation to occur only at isolated frequencies. In
general, the preceding transfer functions will be more accurate for
the CB representationat all but isolated frequencies near the open-
loop poles of the plant, as discussed by Blelloch and Carney.?

In the control design process just discussed, the FOM is parti-
tioned into retained  and truncated ¢t DOF, i.e.,

where x, are a subset of the fixed actuator modal coordinates ¢q.
The associated matrices in Eq. (7) expanded into the retained and
truncated partitions are given by

A Mrr Mrl A Drr O
M= , D2
Mrr Mn 0 Dlt
K, 0 _ B,
K2 , B A
0 K, 0
C,2IC, Cul. G, 2[C, Gyl

and the closed-loop FOM is given by the expression
M, M. [# N D..+ B.G,C,, B.G,C, | [x,
er Mlt '.x.:l O Dlt 'x.:l

K}')‘ + Bp G}' Cpr B}' GpCpI x;- 0
= 20
+ [ . £ et=1o (20)

Control design is carried out on the system defined by the upper
partition neglecting coupling terms, i.e.,

M,-,-..XE,- + Drr-x.:r + Krrxr = _B)‘Gvcvrxr - B}‘Gpcprxr (21)

which defines the reduced-order design model. When the resulting
control gains are applied to the full-order system, eigenstructureer-
ror results from neglecting the coupling terms in the design process.
These coupling terms are commonly referred to in the literature
as spillover. Examination of Eq. (20) reveals the presence of two
forms of spillover. Dynamic spillover results from the presence of
the mass coupling term M,, = M appearing in both the retained
and truncated DOF partitions. A combinationof control/observation
spillover is produced by the terms B,G,C,, and B,G,C,, present
in the retained DOF partition.

In the absence of these coupling terms, the controller designed
using the ROM, when applied to the full model, will be exact, pro-
viding the precise desired eigenstructure.Recall that the modal par-
ticipation factor matrix is defined as

PEOTM, W+ "M, (22)
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Separating the fixed actuator modal coordinates into retained and
truncated DOF, the modal participation factor matrix may be parti-

tioned as
P, M, W+ Dd'M,,
1= =\ ’ (23)
P, OTM,, ¥+ dTM,,

Using this notation, the reduced interior mass matrix® may be ex-
pressed as

M=P'P=P'P+P'P, (24)

By the preceding definitions, we recognize that M, = P,. The trace
norm of the mass coupling matrix is defined by

ne 1
Ml = o (25)

i=1

where o; are the singularvaluesof M M,, = PT P,. Thus, by retain-
ing the fixed actuator modes with the largest contributionto the trace
norm of the reduced interior mass matrix, we are minimizing the
trace norm of the mass coupling matrix. By retaining fixed actuator
modes with large EIM measures, we are ensuring that the dynamic
spillover, as well as potential closed-loop instability, is minimized.
If all of the EIM is retained, the dynamic spillover will identically
vanish. If collocated sensors alone are used, the control/observation
spillover terms will also vanish, i.e., C,, and C,, = 0. In this case,
the closed-loop FOM is block diagonal and the eigenproblem for
the reduced controller design is implemented exactly.

For the normal mode representation, no absolute measure exists
for reducingthe model to ensure that spilloverand potential destabi-
lization are minimized. Balas'* has discussed spillover phenomena
for normal mode representations. The normal mode representation
possesses no dynamic spillover, but observationspilloveris present
evenif sensorsare strictly collocated. The eigenproblemwill only be
uncoupledif no modes are truncated or additional signal processing
is introduced.”

Cantilever Beam Example

An ESA control design is now carried out for a 10-node, 10-
element cantilever beam with rotational and translational DOF. A
schematic of the FEM is shown in Fig. 2, along with the actuator
and sensor locations. A normal mode modeland a CB representation
with the actuators fixed are formed. It is desired to control the first
two bending modes (19.95 and 125.04 Hz) of the cantilever. This
defines the necessary ROM bandwidth. The CB model is reduced
using the EIM measure, which retains fixed actuator modes 1 and 3
as well as the two constraint modes. The normal mode representa-
tion is reduced by retaining the lowest four modes. Having reduced
the CB model using EIM, controllabilityand observabilityare guar-
anteed. These conditions are tested for the normal mode model and
found to be satisfied.

Grid ID Number

Fig.2 Cantilever beam example.
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Fig.3 Gain norm vs damping factor.

A controller will be designed for each ROM and then applied to
the FOM to compute resulting implementation errors. The control
objectives will be to increase damping factors in the control target
modes and constrain the tip displacementand rotations of the corre-
sponding eigenvectors to 11—0 of the open-loop values. The damping
factors are increased while preserving the modal frequency. This is
accomplishedby rotating the undamped poles off the imaginary axis
in circular paths as specified in the design process by the desired
closed-loop eigenvalue.

Itis expected that as gain magnitude increases, the CB ROM per-
formance will increase relative to the normal mode model. If the
Frobeniousnorm of the gain is plotted vs the damping factor we see
the gain norm increases with increasing damping factor providing
this comparison. This is shown in Fig. 3. The normal mode ROM
gain is seen to be larger than CB ROM gain norm in all but the { =
0.1 design. This is consistent with the observation that the normal
mode ROM is stiffer than the statically complete CB ROM. For the
¢ = 0.1 design point, the desired eigenvaluesand the desired eigen-
vectors are more consistentin the normal mode ROM thanin the CB
ROM in thatthey produce a better conditionedset of targeteigenvec-
tors for the inverse in the design equation; thus the lower gain norm.
‘We now make our comparisons by varying the damping factors and
keepinmind thathigher dampingfactors translateinto larger control
gains and thus larger constraint forces at the actuator locations.

Closed-Loop Eigenvalue Accuracy

The s-plane eigenvalue errors for both ROM designs are com-
puted for the two target control modes by defining the relative s-
plane error as

ls — 5’|
Is]

which represents a normalized distance from the exact location s to
the approximate location s’. The exact location corresponds to the
value obtained in full-order implementation, and the approximate
location corresponds to the ROM predicted location. A plot of the
errors vs damping factor is shown in Fig. 4. The CB ROM errors are
smaller for all designs, including the ¢ = 0.1 design point, and in
fact do not exceed 2% error. The normal mode ROM design errors
are seen to become excessively large for damping factors above 0.3.

error(%) = x 100% (26)

Closed-Loop Eigenvector Accuracy

To investigatehow close the obtained eigenvectoris to the desired
eigenvector, the s plane desired and actual displacement element
locations for the control modes are computed. A single measure of
a mode’s gross error may be computed by taking the square root
of the sum of square errors of these vectors. Figure 5 shows the
two control modes’ displacementrss error vs damping factor. Note
that the { = 0.1 design point is more accurate for the normal mode
ROM, but for all other design points, the CB ROM eigenvectors are
much more accurately assigned. In this example, tip displacement
and rotations of the two target eigenvectors were assigned to be 1—10
of the open-loop values; next consider the tip displacement errors
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individually. The errors are shown in Figs. 6 and 7 and represent
the percentage difference in s-plane location from that desired in
the design. The CB ROM controlleris seen to produce much more
accurate closed-loopeigenvectortip elements than the normal mode
ROM controller. Note that in Fig. 6 the CB amplitude and phase
errors overlay each other.

Next consider left eigenvectorassignmentaccuracy. A controller
is to be designed to reject the tip disturbance w,, which is assumed
to act at low frequencies and primarily disturb modes 1 and 2. The
control design objectives are to provide 10% damping in the first
two modes, without changing modal frequency, and to assign the
left eigenvectors such that they are nearly orthogonal to the dis-
turbance influence matrix. This last objective will reject the distur-
bance. The disturbanceinfluence matrix will containasingle 1 in the
row correspondingto the tip displacement, so thatit is within design
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Fig.4 Closed-loop eigenvalue s-plane error vs damping factor.
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Fig. 6 Mode 1 tip displacement error.

Table 1 Left eigenvector assignment disturbance
rejection comparison

Mode rr 24 et
Open loop
1 39.26 N/A +;719.95
2 98.31 N/A +7125.04
Normal mode
1 32.61 —24j19.85 —0.41 £+ j45.26
2 62.10 —12+124.41 —50.64 + j131.39
CB
1 0.03 —24j19.85 —24j19.85
2 7.719 —12+124.41 —12.43 + j124.30
40

§ -
=
&
o 40 - -
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0 —8— (B Model: Mode 2 Amplitude
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Fig.7 Mode 2 tip displacement error.

constraints to assign a zero element to each of the control target
modes in the correspondingrow. In this example, the ROMs contain
six modes, by necessity, to provide stable designs. The eigenvector
tip displacement is assigned a magnitude of le-5 times the open-
loop magnitude, and the tip rotation is assigned its open-loop value.
Comparisonsare shown in Table 1. The table shows the desired (tar-
get) eigenvalues A and those actually obtained in implementation
A%t on the FOM. Again we find much more accurate attainment of
the desired closed-loop eigenvalues for the CB ROM-based design.
The table also shows the projection of the obtained left eigenvec-
tor onto the disturbance influence matrix I T'. If this is zero, the
disturbance has no effect on the transient response of the system.
Small values of this projection indicate higher accuracy of the left
eigenvectorassignment. We again observe that the CB ROM is sub-
stantially more accurate in specification of eigenvector elements.

Transfer Function Accuracy

Next, consider the accuracy of the closed-loop transfer functions
obtained using the four-mode ROMs in the ESA control design
process. Transfer function s-plane errors from actuator 1 to sensor 1
and actuator 2 to sensor 2 are plotted in Fig. 8 for a damping factor
of 0.4. The errors are computed using the relation

[H(s) — H(s)'l
[H (s)]

where H (s) is the FOM implementation and prime denotes a ROM
implementation. Note that a value in Fig. 8 of —20 dB represents a
1% error in the s-plane location. We see that the CB design leads
to improved accuracy over the entire control bandwidth of approxi-
mately 125 rad/s, the only exceptions in narrow-frequencybands as
expected.

Error(%) = x 100% 27

Stability Behavior

Eigenstructure assignment using output feedback does not, in
general, guarantee closed-loop stability. Therefore, it is important
that the ROM accurately predict closed-loopinstability. It has been
shown that reduced normal mode models tend to overpredict the
required gain norm. When this larger gain is then applied to the
FOM, there is the potential for destabilization due to spillover
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into unmodeled dynamics that was not predicted in the ROM. In-
deed if a controller is designed for the four-mode ROMs assigning
A4 = —30+j30andAd = —25+ j125, along with the eigenvector
design constraints that the corresponding eigenvector tip displace-
ment and rotation be % of their open-loop values, we find that the
closed-loop normal mode ROM (||G || = 310.6) is stable but that
implementation of the controller on the FOM destabilizes an un-
modeled mode. The corresponding CB design (|G| = 284.5) is
stable in both cases.

Design experience using the CB representationindicates that, in
general, stable ROM behavior leads to stable FOM implementation
and vice versa. This has been found to be much less the rule for the
normal mode representation due to its tendency to overpredict the
necessary control gain magnitudes.

Control-Structures Interaction Example

For the proposed control design process to be truly useful, it
must be easily and effectively implementable on realistic systems.
In this section an exampleis given for the test-correlatedFEM of the
controls-structuresinteraction (CSI) evolutionary model testbed at
the NASA Langley Research Center (LaRC) Space Structures Re-
search Laboratory.’ The FEM of the CSI structureis shownin Fig. 9
and consistsof 482 grid points with 6 DOF per grid for atotal of 2892
DOF. The structure is supported by two cable systems attached to

0 ===z T
= .
2
8 -20
2
‘g
g
= 40
E
ad
60 N L .
100 10! 102 103
Frequency (rad/s)
Actuator 1 to sensor 1
-10
0 | ) 4

CB= """
Modal = "- ="

Error Magnitude (dB)

100 10! 102 103
Frequency (rad/s)

Actuator 2 to sensor 2

Fig. 8 Transfer function errors for ¢ = 0.4.

the forward and aft suspensiontrusses. The FEM was test correlated
by NASA LaRC to accurately predict 27 mode shapes and frequen-
cies below 35 Hz. For efficiency, the model was statically reduced
to 41 DOF that accurately predict the structure’s low-frequency dy-
namics. Thrust force devices are used as actuators at eight locations
with collocated position and rate sensors, and eight additional po-
sition/rate sensors are placed in noncollocated positions. The addi-
tional noncollocated sensors are added to provide small, minimum
norm, solutions of the eigenstructure assignment design equations.
The sensor S and actuator A locations and directions are identified
by arrows in Fig. 9.

The control objective will be to augment stiffness and damping
in the first six suspension modes and the first ¥ -bending and first
X-torsional mode of the structure. A descriptionand the undamped
natural frequencies of these modes are listed in Table 2. An ad-
ditional objective will be to reduce a line-of-sight (LOS) response
based on relativetower-to-towerlow-frequencymotionby eigenvec-
tor shaping. The path from DOF 310 to DOF 267 defines the LOS
shown by the dashed line in Fig. 9. The reduced FEM is transformed
to a CB representation with the actuators fixed and into a normal
mode model. Based on EIM controllability/lobservability measures,
the CB representationis then reduced to the eight control constraint
modes and the first eight fixed actuator modes, which contribute
88.8% of the trace of the reduced interior mass matrix.> The nor-
mal mode model is reduced to the 16 lowest-frequency modes. The
ROMs are assumed to have intrinsic, stiffness proportionaldamping
with a proportionalityconstantof 1/1000. The open-loop and target
closed-loop pole locations and corresponding damping factors for
the eight target modes of the FOM are given in Table 3. The suspen-
sion mode eigenvectors will be targeted to be the least squares pro-
jection of the open-loop eigenvectorson the achievable eigenvector
subspace of the correspondingdesired closed-loopeigenvalues. The
two flexible target modes will be shaped to have zero displacement
at reflector tower DOF 267 and laser tower DOF 310 to minimize
the LOS error.

Table 2 CSI control target mode descriptions

Frequency, Frequency,

Target mode description Hz rad/s

Cable pendulum 0.112 0.704
Cable pendulum 0.112 0.704
Cable twist pendulum 0.129 0.811
Cable axial 0.825 5.184
Cable junction bending 0.959 6.025
Cable axial 0.963 6.051
First X torsion 1.809 11.366
First Y bending 3.129 19.660

<
A

N Vo

Fig.9 CSI finite element model.
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Table3 Target mode s-plane open-loop and desired pole locations

OL pole location ¢ Target pole location c?
—2.486e—4 + j0.705 0.0004 —1+j1 0.7071
—2.492¢—4 + j0.706 0.0004 -2+ )2 0.7071
—3.305¢—4 + j0.813 0.0004 -3+/3 0.7071
—1.342¢—2 + j5.181 0.0026 -2+ j4 0.4472
—1.815¢—2 + j6.025 0.0030 -3+ /5 0.5145
—1.829¢—2 + j6.049 0.0030 -5+ j6 0.6402
—6.457e—2 + j11.363 0.0057 —10£ 512 0.6402
—1.930e—1 %+ j19.658 0.0098 —12+ 520 0.5145
Table4 CB ROM controller actual pole
locations and errors
Pole location Error, %
—0.9984 + j0.9991 0.129
—1.9999 + j2.0001 0.005
—2.9973 + j2.9980 0.079
—1.9997 + j4.0011 0.025
—2.9990 + j5.0039 0.069
—4.9972 + j6.0044 0.067
—9.9990 + ;12.0680 0.435
—11.5240 + j20.6000 3.284
Table 5 Normal mode ROM controller
actual pole locations and errors
Pole location Error, %
—0.9977 + j1.0153 1.094
—2.0006 &+ j2.0043 0.154
—3.3972 + j3.1676 10.161
—1.9881 + j3.9969 2.275
—2.4699 + j4.8300 9.547
—4.9753 + j5.9618 0.582
—11.5630+ j10.0630 15.826
—11.0740+£ j15.1190 21.428
0.02
0.015 4
0.01 § J
g 0005 .
2
< 0
£
= -0.005 1
S
5 -0.01 1
=
&-0015 -
-0.02 Modal ="-" |
-0.025 “5 CB="-" q
-0.03
0 1 2 3 4 5 6 7 8 9 10

Time (Seconds)

Fig.10 LOS displacement response prediction error comparison: im-
pulse at 139Z.

Control designis carried out using the eigenstructure assignment
algorithm for output feedback on the CB ROM and normal mode
ROM. Both ROM are found to be stable. The resulting gain matri-
ces are then applied to the FOM, and the eigenstructureis compared
to the desired. The ROM and FOM pole locations and s-plane er-
ror percentages are listed in Tables 4 and 5. The CB ROM gain
matrix is found to have a Frobenious norm of 23.94, and the nor-
mal mode ROM has a Frobenious norm of 95.1. Again, the normal
mode ROM is stiff, resulting in overestimation of the required con-
trol forces. The CB ROM controller places all of the control target
mode eigenvalues accurately; the largest error is less than 4%. The
normal mode ROM, however, has maximum pole placement errors
exceeding 20%; three modes with errors greater than 10%. LOS

03

Displacement Error (Inches)

Modal = "-.*

0 1 2 3 4 5 6 7 8 9 10
Time (Seconds)

Fig.11 LOS displacement response prediction error comparison: im-
pulse at 267Y.

Displacement Error (Inches)

Time (Seconds)

Fig. 12 LOS displacement response prediction error comparison: 3-
rad/s dwell at 267Y.
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Fig.13 LOS displacement response prediction error comparison: 16-
rad/s dwell at 267Y.

response prediction errors for the ROM are shown in Figs. 10 and
11 for a unitimpulse applied to DOF 139Z and DOF 267Y , respec-
tively, demonstrating the CB ROM improved prediction accuracy.
Next, DOF 267Y LOS transient response is calculated for unit am-
plitude steady-state sinusoidal disturbances at 3 and 16 rad/s. The
LOS displacement error comparisons are shown in Figs. 12 and 13
and again show the benefits of the CB ROM design. The rectified
open- and closed-loop responses of the CB ROM-based controller
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Fig. 14 Open- and closed-loop LOS displacement responses for CB
ROM-based control design: 16-rad/s dwell at 267Y.

are shown in Fig. 14 for the 16-rad/s disturbance,demonstratingthe
effectiveness of eigenvector shaping in reducing LOS response.

Conclusion

The use of substructurerepresentationsin conjunction with mod-
ern control system design methodologies provides a simple and ac-
curate approach to reduction of large-scale structural control prob-
lems. The proposed control coordinate system based on the CB
substructure representation has been shown to produce more accu-
rate closed-loop behavior when used in ROM-based eigenstructure
assignmentcontrollerdesign applicationsthan conventionalnormal
mode modeling approaches. The CB ROM’s ability to accurately
predict required actuation commands improves the ROM stability
predictionof the closed-loopsystem as well. Extensions of this mod-
eling approach to include fixed interface DOF as well as fixed actu-
ator/sensor DOF are currently being investigated. These extensions
will allow the synthesisof both the structure and the controllerusing
a single aggregation methodology that will retain useful measures
of modal dynamic importance, controllability, and observability at
the coupled and the substructure level of the design.
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